INTRODUCTION w x
If we consider Kac's classification 8 of finite-dimensional simple Lie superalgebras over an algebraically closed field of characteristic zero, we will find in it two series of examples of classical simple Lie superalgebras Ž Ž . the orthosymplectic superalgebras osp m, n , m, n G 1, which comprise Ž . Ž . Ž . Ž . the families B m, n , D m, n and C n , and the superalgebras P n , . n G 2 that are superalgebras of skew-symmetric elements with respect to a superinvolution in a simple associative superalgebra.
It is natural to ask whether the simplicity of these Lie superalgebras of skew-symmetric elements is really a consequence of the simplicity of the associative superalgebra with superinvolution. We will show in this paper that this is indeed the case.
Classically, this situation has been studied in the context of rings with w x w x involution by Herstein 5 and Baxter 1 . They have proved the following results, in which R is a simple ring of characteristic different from 2 with an involution, K is the Lie ring of skew-symmetric elements of R under this involution, and Z denotes the center of R. THEOREM 1. If R is more than 4-dimensional o¨er its center, then K, the subring of the simple ring R generated by K, is R.
THEOREM 2. If R is a simple ring with in¨olution of characteristic not 2 and if R is more than 16-dimensional o¨er Z, then any Lie ideal U of K must
w x satisfy either U : Z or U = K, K .
THEOREM 3. If R is as in the pre¨ious theorem and if U is a Lie ideal of
w x w x w x Ž w x.
K, K , then either U : Z or U s K, K . That is, K, K r Z l K, K is a simple Lie ring.
We generalize these results to the case of superalgebras with superinvolution. Our main results are Theorems 4.2, 5.7, and 6.4, which are just the superanalogues of Theorems 1᎐3.
Notice that the Lie structure of simple superalgebras without superinvow x w x lution was studied by F. Montaner 9 and S. Montgomery 11 .
ASSOCIATIVE SUPERALGEBRAS
Let F be a field characteristic different from 2. A superalgebra is a Ž .
then a is homogeneous of degree ␣, and we write a s ␣. Elements from A are called e¨en and elements from A are called odd. For the 0 1 remainder of this paper, if a appears in some expression, it is tacitly assumed that a is homogeneous and that the expression extends over the rest of the elements by linearity. Ž . If A s A [ A is a superalgebra, then A is a nongraded superalge-0 1 0 bra of A. We will say that A is tri¨ial if A s 0. A superalgebra is said to be simple if it does not have nontrivial proper Ž . graded ideals and the multiplication is not trivial.
An associati¨e superalgebra is just an associative Z -graded algebra, 2 although this is not true for other varieties of algebras like Lie or Jordan, Ž . or even for proper subvarieties of associative algebras see Section 2 . Every associative superalgebra will be supposed to be nontri¨ial, and Ž unital, in which case the unit is an even element in particular, A is also 0 . unital .
Ž .
By the center Z A of an associative superalgebra A we mean a usual Ž . Ž . not super! center of A as an algebra. Notice that Z A / 0, since A is Ž . Ž . Ž < . the language of matrices, we obtain a superalgebra M r s , whose underlying algebra is that of square matrices of order r q s and whose Z -grading 2 is determined in the following way:
Ž . unital. It is clear that Z A is a graded subalgebra of
Ž < . We will use the notation M r s M r r .
Ž . EXAMPLE 1.2. Let n G 1 and let us consider the superalgebra M n of Ž . Ž . Example 1.1. The following superalgebra Q n is a graded subalgebra of Ž . M n :
Ž . Ž . 
1 EXAMPLE 1.5. Let V be a vector space and q be a quadratic form defined on V. The tensor algebra of V is an associative superalgebra 
Ž .
If A is a simple associative superalgebra and Z s Z A , we will say 0 Ž . that A is C n if there exist a Z-vector space V of dimension n and a Ž . nondegenerate quadratic form q defined on V such that A and C V, q are isomorphic as superalgebras over Z. For example, a quaternion super-Ž . algebra is C 2 .
LIE AND JORDAN STRUCTURES IN ASSOCIATIVE SUPERALGEBRAS
A Grassmann superalgebra G is defined to be the Clifford superalgebra Ž . C V, q , where V is of denumerable dimension and q is identically zero on < V. In other words, G s alg -1, e , e , . . . e e q e e s 0, ᭙ i, j s
e иии e g G if n is even and e иии e g G if n is odd.
Given a superalgebra A s A [ A , we consider the tensor product
mann en¨elope of the superalgebra A. Now let V be a homogeneous variety of algebras, for example, that of associative, Lie, or Jordan algebras. We say that a superalgebra
It can be proved that G A g V if and only if A satisfies a certain system of graded identities, depending on the variety. For example, the Ž . associativity of G A is equivalent to that of A, which makes the foregoing definition consistent with that in Section 1. On the other hand, a superalgebra is a Lie superalgebra if it satisfies the following graded identities Ž . 
where t denotes the usual matrix transposition.
Ž . EXAMPLE 3.2. Let us consider now the superalgebra M r . We will call Ž . the following superinvolution defined on M r a transposition superin¨olu-tion, and we will denote it by trp:
Let A be an associative superalgebra with superinvolution 
The following containments are straightforward to check, and they will w x w x be used throughout without explicit mention:
; hence it is a Lie superalgebra. And H is a subalgebra of A q ; hence it is a Jordan superalgebra. The interplay between the superinvolution and the center will be shown Ž .
U Ž . to be decisive in our work. First, notice that Z A : Z A ; hence ) induces an involution on Z. If this involution is the identity map, then ) is said to be of the first kind, and it is said to be of the second kind in the contrary case. In other words, ) is of the first kind if Z : H, and of the second kind if Z H. We will use the notation Z s Z l H, Z s Z l K. This lemma is used essentially in the proof of the following. 
q if V is of odd dimension and q is nondegenerate.
Ž . Ž . iv A di¨ision quaternion superalgebra Q ␣, ␤ .
Ž . Ž . Proof. Suppose first that A is one of the superalgebras of items i , ii ,
Ž . or iii in the list above and that ) is a superinvolution on A. It was noticed in Section 1 that A is central, i.e., Z s F; hence ) is a Z-superinvolution and consequently it is of the first kind. On the other hand, it was Ž . also noticed in Section 1 that Z A / 0. Therefore, by Lemma 3.2, ) is of 1 the second kind, a contradiction. Ž . Ä 4 Suppose now that ) is a superinvolution on Q ␣ , ␤ , and let 1, u,¨, uŽ . Notice that this theorem does not exclude the possibility of the existence Ž . of a superinvolution of the second kind in a simple not central associative superalgebra that is of one of the above-mentioned types as a superalgebra over Z.
Ž . If a quaternion superalgebra Q ␣, ␤ is split, then it is isomorphic to Ž . M 1 . The following theorem classifies all superinvolutions in this superalgebra. ditions for ) to be a superinvolution and making calculations, we arrive at Ž . the following: in case i , an inconsistent system of equations, and in case Ž .
ii , x s "1, y s z s 0, t s .1. Hence there are exactly two possibilities for ):
In the first case, ) s trp is the transposition superinvolution, and in the Ž . second case, ) s trp p is the composition of trp with the parity automorphism.
For the remainder of this paper we assume that A is a simple associative superalgebra with superinvolution ), K is the Lie superalgebra of skew elements of A, H is the Jordan superalgebra of symmetric elements Ž . of A, and Z is Z A , the even part of the center of the algebra A. 
GENERATION OF A BY K
Let K be the subsuperalgebra of A generated by K. We prove in this section that, with some exceptions, K s A.
Ž . Proof. Let k, l g K and a g A. Since la y la s la y y1 a l s Proof. Lt K be the subsuperalgebra of A generated by K . Since K 2 is a Lie ideal of A by Lemma 4.1, K is both a subalgebra and a Lie ideal Ž . of A. We will suppose in the sequel that A is not C 2 . Then, by Theorem 2 2 4.1, either K : Z or K s A. In the second case it is obvious that K s A, and we are finished. 
is a subalgebra and a Lie ideal of A, then either
Ž . Thus K s 0 and A s H . If there exists an element u g Z A satisfy-
ing u s 1, then 1 s uu s yu u s yu s y1, which is a contradicw x tion. Hence A is a simple algebra by Lemma 3 of 10 .
Ž . Let us again consider the element a g K , which is invertible in A.
If h g H commutes with a, then ha must be in K ; hence ha s ␣ a for 0 0 some ␣ g Z, leading us to h s ␣ g Z. In other words, the only even symmetrics commuting with a are those in the center. Given h g H ,
2 the above . Thus h y r2 a q a h y r2 s 0. But then h y r2 is Ž . 2 an even symmetric element that commutes with a; therefore h y r2 must be in Z.
Let
It is not difficult to prove that A is in fact a composition algebra over Ž . w x commutative, A must be C 2 by Lemma 2.5 of 9 , a contradiction.
With respect to the exceptional case of the theorem, let us suppose that Ž . A is C 2 and that the superinvolution ) is of the first kind; that is, ) is a Z-superinvolution. By Theorem 3.1, A, being a quaternion superalgebra Ž . over Z, must be split and hence isomorphic to M 1 as a superalgebra over Z. By Theorem 3.2, we may suppose that the superinvolution ) is trp; i.e., it is given by 
Ž . Ž . ½ 5 0 ya
Therefore K / A, since it is evident that every matrix from K has 0 in its Ž .
2, 1 -entry.
The following results give some relationships between H and K. a( b, c s a( b, c s a( b, c q y1 a, c
We deduce from the preceding containments that
n Now taking Theorem 4.2 into account, we obtain that A s K s Ý K :
A is at most of dimension n q n over Z.
LIE STRUCTURE OF K
We start with superinvolutions of the second kind, which are easier to deal with. Ž . Suppose first that A is not commutative; in particular, A is not C 2 . 
for Z U is the skew part of ZU.
H
A is a simple algebra. Then A s Z A is a field. If we take
In fact, there are w x only three possibilities for U, namely:
Ž .
ii
A is simple and A s A u with u g Z A and u s 1. Since x w xu y qu , u y qu s y4 q g U; hence K, K : U also. In fact, in this case, too, there are only three possibilities for U, namely:
We will need in the next section the following facts about the structure w x of K, K obtained during the proof of this theorem. 
K
Now we can focus our attention on the case of superinvolutions of the first kind. While many of the results to follow hold irrespective of the nature of the superinvolution, we henceforth assume in this section that the superinvolution ) is of the first kind.
LEMMA 5.1. Let U be a Lie ideal of K, and let u,¨g U, h g H. Then
Proof. The following graded identity is straightforward: 
x w x proves that U, U : U. Since 2 ab s a, b q a( b for homogeneous ele-˜m ents a, b, this proves that UU : U, and U s U.
and the lemma is proved. 
Ž .
ii To obtain further consequences of the second case of Theorem 5.2, we will need the following. s h ha y y1 ah q y1 ha y y1 ah h s h a y ah ; We deduce from this that u¨u s¨u¨s 0, and thus
2
w 2 x which implies that u s 0, and, consequently, 2␥ u s u ,¨s 0. Hence Ž . u s 9, a contradiction. This finally proves ii .
At this point, our study of Lie ideals will be divided into two cases. We will consider first the case in which u 2 s 0 for all u g U , and then the 0 opposite case. Motivated by future applications to the Lie structure of w x K, K , we will sometimes make slightly more general assumptions on U. 
i.e., U U s 0. . tion for it is of the first kind , we may also assume, without loss of generality, that U s ZU, i.e., that U is also a Z-subspace of K. u¨s¨u s¨u s yu¨; hence ) restricts to the standard involution on Q.
We can now prove the following complement to Theorem 5.4. Ž .
U
Notice that P is a graded subalgebra of A. Moreover, since Q : Q, it is easy to see that P U : P. Since Q is finite-dimensional central simple over Z, A s Q m P. In particular, Q and P being )-subalgebras of A, it is Z < < clear that ) s ) m ) . We will henceforth write the tensor product by
We will use the notation P s P l H, P s P l K, with which P s Ž . Ž . We also claim that U P : U . Let p g P . Then 2 up s We know that P is a unital associative superalgebra with superinvolu-< tion ) . Since A is nontrivial and simple, necessarily so is P. Moreover, it P Ž . < is easy to see that Z P s Z. Furthermore, notice that ) is of the first
Ž . 2 kind, for such is ). However, P s Z q P with P s 0; hence Since A s Q m P, where Q is a quaternion algebra over Z, and P is Z Ž .
Ž . C 2 , it is straightforward to check that A must be C 4 . However, we will get further consequences in this case, which will prove useful in the following section.
Using the standard notation for unit matrices, we observe that P s H Ž . Z q Ze and P s Z e y e q Ze . Since K s P q U q U e , We finally arrive at the main theorem on the Lie structure of K when the superinvolution is of the first kind. Ž . with K s K , we obtain that A s C 4 , which is an exceptional case. We have already seen that in this case the theorem is not true. In the proof of Theorem 5.5 we have described a superalgebra A that is Ž . C 4 and is in fact a counterexample to the property expressed by Theorem 5.6. A more natural way of presenting a counterexample of this sort is to Ž . consider the superalgebra A s M 2 with the superinvolution ) s trp. Ž . As far as the superalgebra A s M 2 with the superinvolution ) s osp is concerned, it is not a counterexample to this theorem, as we shall see later.
The previous lemma is valid without any assumption on the superinvolu . Ž Ž . .x Notice also that K M r , trp , K M r , trp is not a simple Lie superalgebra if r s 1 or 2, as may be deduced from the proof of Theorem 5.6 and the commentaries which follow it.
Finally, it is worth mentioning the Clifford flavor of all of the counterexamples to the theorems in this paper. Perhaps a classification of superinvolutions in Clifford superalgebras might throw some light on this. 
